This paper presents a mechanical model for predicting the behavior of elastomeric seismic isolation bearings subject to combined end rotations and shear deformation. The mechanical model consists of a series of axial springs at the top, mid-height and bottom of the bearing to vertically reproduce asymmetric bending moment distribution in the bearings. The model can take into account end rotations of the bearing, and the overall rotational stiffness includes the effect of the variation of vertical load on the bearing and the imposed shear deformation. Static bending tests under various combinations of vertical load and shear deformation were performed to identify the mechanical characteristics of bearings. The test results indicate that bearing rotational stiffness increases with increasing vertical load but decreases with increasing shear deformation. Simulation analyses were conducted to validate the new mechanical model. The results of analyses using the new model show very good agreement with experimental observations. A series of seismic response analyses were performed to demonstrate the dynamic behavior of top-of-column isolated structures, a configuration where the end rotations of isolation bearings are typically expected to be larger. The results suggest that the end rotations of elastomeric bearings used in practical top-of-column isolated structures do not reduce the stability limit of isolation system.
INTRODUCTION
Seismic isolation has been used extensively throughout the world over the last three decades to protect structures from the damaging effects of earthquakes. Elastomeric isolation bearings are one of the most popular devices, and typically installed between large girders which ensure that the ends of isolators remain substantially horizontal with minimal rotation. Configurations without a bottom girder, including top-of-pile isolation and top-of-column isolation result in lower construction costs and a more economical design for isolated structures. However, in these configurations, end rotations of isolators under earthquake excitations are expected and therefore a better understanding of some of the more complex aspects of the isolation device behavior is important for evaluating the stability limit of the isolation system. Recently, new design strategies for seismically isolated buildings, such as inter-story isolation and multi-story isolation have progressed [19] [20] , and several buildings have been built or retrofitted [21] [22] using these techniques. A main motivation for this design feature is that it makes the seismic gap around the buildings unnecessary, a potentially significant cost-savings for the project. In the case of top-of-column isolation, the isolators are subjected to not only shear and axial deformation but also end rotations. In this case, the additional bending moment caused by P-∆ effects is distributed asymmetrically in the vertical direction due to the end rotations. The varying load and deformation conditions have to be considered in time history analysis to accurately predict response. This paper presents a mechanical model for elastomeric isolation bearings with the capability to predict nonlinear behavior influenced by load and deformation conditions. This improved model is shown to have greater accuracy and validated with an experimental test program conducted to investigate the cyclic bending of elastomeric bearings. The efficacy of the model is further shown through the simulation of earthquake response of a building model incorporating the numerical bearing model. Figure 1 shows the new mechanical model for elastomeric bearings subject to combined end rotations and shear deformation. The model is an extension of an existing model developed by [14] . The model proposed herein has additional mechanical members which improve the accuracy of the model with a minimal increase in complexity. The model is developed for a two-dimensional system, and consists of a series of axial springs at the top, mid-height and bottom of the bearing to vertically reproduce asymmetric bending moment distribution in the bearings. Nonlinear hysteretic relationships are defined for each axial spring to simulate compression and bending behavior of the bearings. The external nodes, a and b, have displacements in horizontal, vertical and rotational directions. The internal nodes, m and n, have displacements in vertical and rotational directions, and their horizontal displacements are equal to those of the external nodes. Two rigid links, whose lengths are equal to the half-height of the bearing, h/2, connect top, mid-height and bottom layers of axial springs. An additional axial spring and a shear spring are located at the center of the mid-height layer. The internal nodes, m and n , have displacements in the horizontal, vertical and rotational directions. Figure 2 shows the forces and deformations on the multiple axial springs between the nodes a and m. In this paper, the left side subscript refers to an individual spring, i, in the multi-spring layer, where i, ranges from 1 to the number of multiple axial springs, N to indicate the end nodes of the particular layer, a-m/m -n /n-b. The incremental deformation of the ith spring, ∆ am i δ, is expressed as
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Model formulation
where am i l is the distance between the ith spring to the center of the series of axial springs, and ∆ am u is the incremental displacement vector expressed as
The incremental force of the ith spring is expressed as
where am i k is the stiffness of the ith spring. The incremental forces and bending moments on the nodes a and m are expressed as follows:
The relationship between incremental forces and incremental displacements of the multiple axial springs at the bottom end is expressed as
where
By substituting the nodes n and b for a and m, the same procedure can be applied to obtain the relationship of the multiple axial spring at the top. The relationship is expressed as Figure 3 shows the forces and deformations on the multiple axial springs between the nodes m and n . The incremental force-displacement relationship on the nodes m and n , which exclude the rigid links, is expressed as follows:
where k s and k n are the stiffness of shear and axial springs at the center of the mid-height layer, respectively. Because of its location, the axial spring has no contribution to the rotational stiffness of multiple axial springs m n K r . By introducing the transformation matrix, T, the displacement vector and the force vector on the nodes m and n can be expressed by those on the nodes m and n as follows:
In the construction of T, P-∆ effect is considered while small rotational angle is assumed. The deformation of the shear spring, δ s , is calculated by
The incremental force-displacement relationship on the nodes m and n is expressed as follows:
The relationship between incremental forces and incremental displacements of the overall bearing element is obtained from Equations (6), (9) and (19):
where ∆f ex and ∆f in are the incremental forces on the external nodes a and b and on the internal nodes m and n, respectively, and ∆u ex and ∆u in are the incremental displacements on the external nodes a and b and on the internal nodes m and n, respectively. The incremental force vectors and displacement vectors are expressed as
The sub matrices, K 11 , K 12 , K 21 and K 22 , are obtained by arranging the entry of am K, mn K and nb K to the corresponding nodes a, b, m and n. In the step-by-step calculation for dynamic analysis, the total acting force can be expressed as
where F ex and F in are the acting forces at the new time step on the external nodes a and b and the internal nodes m and n, respectively, and f ex and f in are the acting forces at the old time step on the external nodes a and b and the internal nodes m and n, respectively. In the case that the internal nodes have no mass, by substituting F in = 0, solving Equation (26) for F ex and u in gives
Equation (27) describes how to calculate the acting forces from the incremental displacement on the external nodes a and b. This condensation procedure can be used to facilitate stable numerical analyses when this proposed mechanical model is used with other structural elements, such as columns or beams. 
Spring constants
The process to determine the stiffness of the shear and axial springs in the mechanical model is described below. The total stiffness of an elastomeric bearing is expressed as follows:
where K H , K V and K R are the horizontal, vertical and rotational stiffness, respectively, and G, E c and E b are the shear, compressive and bending moduli, respectively. The remaining parameters, A, I and h r are the cross-sectional area, the second moment of area and the total thickness of the rubber pad, respectively. The effective moduli of an elastomeric bearing are calculated as follows:
where E, K and κ are the Young's modulus, the bulk modulus and a constant related to the hardness of the rubber, respectively, and S is the shape factor of the rubber pad. The shape factor, S, is expressed as
where D, D i and t r are the outer diameter, inner diameter and the thickness of a rubber pad. First, the horizontal stiffness of the bearing is represented by the shear spring which is located at the center of the mid-height layer. The condition can be expressed as
Next, regarding the three layers of multiple axial springs as three rotational springs connected in series, the rotational stiffness is given by:
where am K R , m n K R and nb K R are the rotational stiffness values of each multiple axial spring component calculated as follows:
where am E, m n E and nb E are the elastic moduli, and am l, m n l and nb l are the fictitious computational lengths of the multiple springs. Consider the horizontal deformation derived from bending deformation in the case of antisymmetric bending with keeping the horizontalness of the top and bottom end. If the horizontal deformation of the mechanical model is equal to that of a beam element, the stiffness of the rotational springs at the top and bottom end, am K R and nb K R , satisfy:
In the derivation of Equation (38), the mechanical model is assumed to be symmetric. By substituting Equation (38) into (36), m n K R is obtained as
When the fictitious computational lengths of multiple springs, am l, m n l and nb l, are equal to one third of the total thickness of the rubber, h r /3, the elastic moduli are
The spring constants of the multiple axial springs,
m n i k and nb i k, are calculated by using these moduli with nonlinear properties in the next section. Finally, regarding the three layers of multiple axial springs as the three vertical springs connected in series, the vertical stiffness is given by: 
By substituting Equation (43) to (37), the vertical stiffness can be expressed as follows:
The stiffness of the axial spring which is located the center of the mid-height layer, k n , is determined from Equations (30), (31), (38), (39), (42) and (44) as
Nonlinear properties for axial springs
Multiple axial springs between node a and m
Each spring in the multiple axial spring component represents an individual strip of the bearing's cross-sectional area, and is located at the center of gravity of individual strip. The spring constant of each spring, i k, is calculated as
where i e, i a and l are the elastic modulus, the area of the strip and the fictitious computational length of the spring. The overlapping factor, i φ, is used to calculate the effective sectional area of multiple axial springs. Figure 4 illustrates the overlapping area between the top and bottom endplates, and the calculation of the overlapping factor for the ith spring between the nodes a and m. The chords AA' and BB', passing through the location of ith axial spring, are the chords of the circular area at the a-m layer (bottom end of the bearing) and the overlapping area at the n-b layer, respectively. The overlapping factor, i φ, is calculated as the ratio of the length of the chord BB' to AA'. Figure 5 describes the stress-strain relationship for each axial spring. The elastic modulus, i e, is defined by using the hysteresis model, where σ ty is 1 MPa, E ty /E init is 1/500, σ cy is 100 MPa, E cy /E init is 1/2. E init , the initial elastic modulus, is calculated by Equation (40) (for the springs at the top and bottom end) or (41) (for the springs at the mid-height). 
BEARING TESTS AND SIMULATION ANALYSES
Bearing tests
Accurate estimation of the rotational stiffness is important when investigating coupling in the shear and axial directions. This is particularly true when considering the buckling stability of elastomeric bearings. Static bending tests under various combinations of vertical load and shear deformation were performed on two bearings to identify their mechanical characteristics. Figure 6 shows the design of the natural rubber bearings tested while Table I summarizes their properties. The aspect ratio, S 2 = D/h r , is defined as a ratio of the rubber diameter to total rubber thickness, and is an indicator of buckling stability. As shown in Table I , the bearings tested as part of this study had aspect ratios of 4 and 5. Figure 7 outlines the procedure used to perform the bending tests. After the bearings were loaded to a partical axial compressive stress, the top of the bearing was offset a certain distance corresponding to a perscribed shear stress. In this offset position, the top of the bearing was rotated relative to the bottom. The rotational angle, which is observed at the top of the upper most rubber layer, was varied from −0.02 to 0.02 rad. The test parameters are summarized in Table II. Simulation analyses of the bearing tests were conducted to validate the proposed mechanical model. Equation (47) is used to calculate the Young's modulus of the rubber. material constants listed in Table I . If a new, or previously untested rubber material is used in the bearings, material tests to obtain material constants and stress-strain relationship would be required. Figure 8 shows the comparison of the bending moment-rotational angle relationship obtained from experimental and analytical results. Figures 8(a) and (b) show the results under 1 MPa compressive stress for the two aspect ratios considered. For the analyses at zero shear strain, the characteristic values, including the yielding moment, the yielding angle and the post-yield stiffness are well predicted. For the analyses at 100% or 200% shear strain, it is seen that the post-yield stiffness is underestimated somewhat at larger angles of rotation. The bending moment at zero rotation is a result of the offset shear deformation in the bearing. Although the analytical results underestimate the post-yield stiffness, the results indicate that the simulation analyses using the overlapping factor does reasonably account for the change in rotational stiffness. Figures 8(c) and (d) show the results under 10 MPa compressive stress. The equivalent stiffness under 10 MPa compressive stress is larger than that of 1 MPa results because compressive stress prevents partial tension yielding of the rubber. In the case of 200% shear strain, the experimental results for the bearing with an aspect ratio of 4 shows a negative stiffness due to bearing instability. While the analytical results underestimate the hysteresis loop area, the model does reasonably predict the change in equivalent stiffness when the bearing is stable. 13 Figure 9 shows the comparison of the initial rotational stiffness calculated from the results within small rotational angles. The stiffness decreases with increasing offset shear strain, and increases with increasing compressive stress. The analytical results show good agreement with experimental results in all parameters, and further validates the methodology of the proposed model.
SEISMIC RESPONSE ANALYSES
Structure model
A series of seismic response analyses were performed to demonstrate the dynamic behavior of topof-column isolated structures. In the case of top-of-column isolation, the isolators are subjected to not only shear and axial deformation but also end rotations. Time history analysis is used with the proposed mechanical model to investigate varying conditions of load and deformation. Figure 10 shows the simplified structure model used in the seismic response analyses. Structure A, referred to as the double beam structure, represents a conservative design which uses two beams (one above and one below the isolator) to limit end rotations in the isolators. Structure B, the single beam structure, omits the bottom beam between the node L1 and R1. Isolation bearing elements are applied to the column tops at the first floor, between the node L1 and L2, and the node R1 and R2, and linear beam elements are used to connect the other nodes. The same isolator with aspect ratio 4 used in bearing tests and simulation analyses is used in this structure model.
Masses are applied to the node L2, L3, R2 and R3 to produce 10 MPa compressive stress on the isolators. The stiffness of the beam elements are chosen to give a fundamental period of 0.8 s for the non-isolated, single beam case, with a beam-column stiffness ratio of 3/1. By introducing the bottom beam for Structure B, little decrease in the fundamental period is found. Stiffness proportional damping is applied to the beam elements with the damping factor of 2% at the fundamental period of the non-isolated structure. A linear dashpot element (not shown in Figure 10 ) is also installed at the isolation level with and equivalent damping factor of 15% at the seismic isolation period of 3.9 s. Figure 11 shows the ground motions for the response analyses. The ground motions are generated to match target response spectrum for basic design earthquakes [23] . Phase angles of JMA Kobe NS (1995), Hachinohe NS (1968) and the random number record are denoted inputs A, B and C, respectively. For the analysis, the structure model was subjected to a series of input motions scaled from 5% of the original motion, increasing in 5% increments, until the deformation in the isolators reached 0.4 m, which corresponds to a shear strain of 320%.
Earthquake ground motions
Analysis results
Figures 12 and 13 show the relationship between the maximum acceleration and displacement response at node L3 and the peak ground acceleration (PGA). For comparison, the analysis results for a conventional non-isolated building model and an isolated building model with linear isolator elements with stiffness values defined by Equations (29), (30) and (31) are also indicated. As expected, the acceleration response decreases while displacement response increases for the isolated structures. The results obtained using the proposed mechanical model show that the slope of the response acceleration curve gradually decreases while that of the response displacement curve increases. The influence of introducing the bottom beam on the acceleration and displacement response is minimal. Figure 14 shows the maximum bending moment at the first floor column base (node L0). By introducing the bottom beam, the maximum bending moment reduction in the conventional and isolated structures is about 20% and 60%, respectively. Figure 15 shows the maximum relative rotational angle between the ends of the isolators. For comparison with conventional structures, the relative rotational angle is calculated between the nodes L1 and L2. By introducing the bottom beam, the reduction in the maximum rotational angle in the case of conventional and isolated structures are about 50% and 75%, respectively, when the PGA is less than 2 m/s 2 . In these cases, the rotational angle of the isolated double beam configurations, are nearly the same as that of conventional structure, while they rapidly increase for PGAs above 2 m/s 2 . The maximum rotational angle in all numerical analyses is less than 1/1000, and therefore the isolator end rotations are not significant enough to degrade the seismic performance of the isolators. Figure 16 shows the horizontal force-deformation relationship of the isolators between nodes L1 and L2 for the maximum ground motions considered. The results are obtained using the proposed mechanical model. The nonlinear relationships remain stable even when the horizontal stiffness is negative after buckling occurrs at the deformations of around 0.35 m. The results suggest that the end rotations of the isolators in the top-of-column isolated structure (without the bottom beam) do not decrease the stability of the isolation system. Response values obtained from the linear isolated model are conservative in these analyses, but the proposed model is necessary to confirm the stability of seismically isolated buildings when the isolators are expected to buckle.
CONCLUSIONS
This paper proposed a mechanical model for predicting the behavior of elastomeric seismic isolation bearings subject to combined end rotations and shear deformation. The mechanical model consists of a series of axial springs at the top, mid-height and bottom of the bearing. The model accounts for the interaction between shear and axial forces, such as P-∆ effects, and the three series of axial springs can reproduce asymmetrically distributed bending moment caused by end rotations. The overlapping factor and the nonlinear hysteresis model are applied to the axial springs to account for the influence of the variation of vertical load on the bearing and the imposed shear deformation.
Static bending tests under various combinations of vertical load and shear deformation were performed to identify the mechanical characteristics of bearings, and simulation analyses for the bearing tests were conducted to validate the proposed model. The results indicate that bearing rotational stiffness decreases with increasing offset shear strain, and increases with increasing compressive stress. The analytical model succeeded in capturing the stiffness changes observed in the bearing tests.
A series of seismic response analyses were performed to demonstrate the dynamic behavior of top-of-column isolated structures. Two simplified structure models, a double beam and a single beam structure, were generated to represent a conservative and economical design for seismic isolation. The influence of omitting the beam below the isolators is not significant in the response acceleration and displacement, while it increases the response rotational angle and bending moment. Although the end rotation of the isolators are relatively large in the case of the single beam, the horizontal stiffness degradation observed in the isolators is negligible in the range of the numerical analyses. By reinforcing the base of the isolated column, the seismic performance of top-of-column isolated structures can be as high as structures isolated at their base. The analysis results suggest that the single beam, top-of-column isolation can be used without a reduction in the stability limit of the isolation system.
